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Abstract

An analytical expression for the effective structure
factor, FJ;f, generally valid for each polarization
direction p in the many-beam X-ray case, is derived.
The second Bethe approximation is utilized with the
additional assumption that certain small o.x-type
terms may be neglected. It is shown that the many-
beam effects observed in both plane-wave- and inte-
grated-intensity-type experiments may be described by
the existing standard two-beam expressions provided
the effective structure factor is introduced. Examples
based on three- and four-beam interactions are given
with focus on the absorption-independent effects. In
particular, the deviation of Fj?F3? in the general
three-beam case from the corresponding two-beam
value is shown to depend on the three-phase structure
invariant and the deviation parameter of the coupled
beam. The results which agree with full three-beam
calculations may be applied to determine invariants
experimentally from any type of three-beam experi-
ment in principle. Applications to Pendellosung and
mosaic-crystal experiments are briefly discussed. The
accuracy of the method is evaluated from calculated
dispersion surfaces in three- and four-beam examples.

Introduction

The interest in many-beam diffraction effects reflects
the application of such effects in structure studies
through the possible experimental determination of
structure factors and structure invariants (e.g. Kambe,
1957; Hart & Lang, 1961; Gjennes & Hpier, 1969,
Terasaki, Watanabe & Gjennes, 1979; Post, 1979;
Chapman, Yoder & Colella, 1981; Hgier & Aanestad,
1981; Chang, 1982; Thorkildsen & Mo, 1982). Single
crystals have as a rule been studied theoretically, and
the interpretation of the effects observed has typically
been on a qualitative scale by means of plane-wave
theory. Even then the interpretation has to be built on
rather detailed numerical calculations as analytical
solutions may only be found in very special cases.
Approximated analytical solutions are therefore highly
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desirable for studying the dependence of the observed
intensity on the various experimental parameters, in
plane-wave cases, but especially in integrated-in-
tensity-type experiments with X-rays.

It is clear from available numerical many-beam
calculations of the dispersion surface and excitation
coefficients (Hoier & Aanestad, 1981) that the main
intensity contributions may be ascribed to the par-
ticular dispersion-surface branches which are excited
also in the corresponding two-beam case. The mini-
mum distances between these branches, however, are in
many-beam experiments different from the two-beam
values, being dependent on the deviation parameters of
the simultaneously excited beams. This variation in the
gap width may be associated with a corresponding
structure-factor variation, and the effective structure
factor thus defined is larger or smaller than the
standard value as shown by, for example, Watanabe,
Uyeda & Fukahara (1968) and Gjennes & Hoier
(1971) or Hagier & Aanestad (1981) for the electron
and X-ray diffraction cases, respectively.

In the present studies we have focused on the
determination of analytical expressions for the effective
structure factors which then generally may be in-
troduced in existing two-beam X-ray expressions. The
method utilized is the second Bethe approximation
(Bethe, 1928; Cowley, 1975) originally developed for
the electron diffraction case. The necessary additional
assumptions for the application of this approximation
in the many-beam X-ray case as well are discussed.
Some preliminary results have been given by Marthin-
sen (1981).

Theory
The crystal wave field is found from the fundamental
equation (Pinsker, 1978)
k:—K?

kz

an—ZX%Dmp'=0- (1)
m
P’

where m and n are the interacting beams, and the
polarization unit vectors p, and p;, are either o or 7.
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Further, x,,,, = x,_m and

X = Xum Pr Phos (2
where
Yom = — 2 3)
" av, "™

Here r,, V. and F,,, are the classical electron radius, the
unit-cell volume and the struecture factor, respectively.
The wave field is written

D =) D,exp [27i(vt — k,,.1)], 4)

where
D,=D, o,+D, =, (5)

The incident-beam direction K is determined by the
parameter y, = LP or alternatively by the vector & in
Fig. 1. The latter quantity is preferred in cases where
the operating reflections originate from one zone only.
The & plane is parallel to the reciprocal plane
considered through the Laue point as shown schemati-
cally in Fig. 1. &€ is thus the vector from L to the
projection of P on the ¢ plane. This single parameter
determines all the deviation parameters s, (or 46,) for
all the interacting beams, viz.

s, = &.n/K. (6)

s,» which is the distance from the reciprocal point n to
the Ewald sphere, is positive when # is inside the
sphere. The Anpassung

K8="PA (7

is positive along the inward-directed normal to the
entrance surface. The alternative quantity

I'=—Ké— Ky,,/2y, (®

Fig. 1. Three-beam geometry with definitions of K9, s, and &.
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was used in a previous paper (Hgier & Aanestad,

1981), where I' is positive in the direction of negative §

and y,, is the real part of y,. Here and below y, and y,

are the direction cosines of K, and K, respectively.
For generality we introduce (Pinsker, 1978)

By = \/Vn Dpps 9)

thus transforming the fundamental equation to the
following form

> G B,,, = K0oB,,, (10)
4
where
1 1 1 '
G =— [ 05 + 3Kx20)). (11
V7 ¥m

The quantity 2%, is equal to unity when n = m and
p =p' and equal to zero otherwise.

Following Bethe (1928) the incident-beam direction
is now assumed to be such that one Bragg condition is
nearly or exactly fulfilled. We thus have two strong
beams O and A, i.e. the direct and the primary beam,
respectively. The other beams g are termed secondary
beams and are far enough from the Bragg condition to
be considered weak, but close enough to be non-
negligible. The weak-beam amplitudes may thus be
found from (10) as functions of the strong components
only, assuming Kd ~ —Ky,/2y,:

B o—_ Ve Ktem
& S+ HKX(L = /%) S5 2V e Vm

P

(12)
Utilizing (10), the resulting eigenvalue problem for the
strong beams 0 and 4 has the following interaction
matrix elements:

pl — ’ !
HpE = G+ 4G,
1 pp’ 1 ! 1p2
== —— |sw 028 + $Kth — 4K

V¥ ¥m

X

xpp" p'p
LN I
gzon et #Kxo(1 = y,/7)
i

Generally this problem may not be solved analyti-
cally due to the presence of the @,.7m type terms.
Available calculations (Hgier & Aanestad, 1981) show,
however, that their influence may be considered small
and only of importance for incident-beam directions of
very limited angular extent. These terms are hence
neglected giving AG22 = 0 for p # p' and otherwise

2

AGP ~ Xng Xem

o~ . (19
4\/yn Vm g#0.h Sg + %KXO(I - ))g/YO)
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With the polarization system used in standard two-
beam theory, the 4 x 4 matrix is reduced to two 2 x 2
blocks representing the two polarization systems p = ¢
or 7. The following elements are obtained:

1
HEf = — — Kxo + 4G
2,
1
Hff =— 2\/))0—thth Po-Pp + AGH;
1
Hp=————K .po + AGEE
£6 Zm Xno Pr-Po £0
1 1
HfR :—y_sh—gKXO"'AG%' (15)
h h

It follows that the minimum distance between the
dispersion-surface branches, i.e. the dispersion-surface
gap width, is &€ dependent and appears for an
incident-beam direction which as a rule differs from the
one found in the two-beam case.

The nondiagonal elements of the interaction matrix
derived lead to the definition of an effective structure
factor for each polarization direction in the many- or
n-beam case. From (15) we obtain, using (3),

FiiP = Fpopy-Po + e Fg Fgo Pr+Pg Py Po
0 — * ho Ph* PO .
27[KVC g#0.h SS + %KXO(I - yg/YO)
(16)

This effective structure factor, F}P, may generally
replace Fop,.p, in all the existing two-beam ex-
pressions provided the weak-secondary-beam assump-
tion is valid.

Many-beam examples
The three-beam case
The effective structure factor is found from (16):

re thFxOph'pgpg‘p()
27KV, s, + 5Kxo(1 = ¥,/70)

FiP = FpoPp-Po +

,(17)
giving the following dispersion-surface gap width:

Kdé*— Ko! e

=RV e R ER.
c\/0 /h

(18)

From now on we shall neglect absorption and in this
special case denote the gap width gjP. With three
beams we thus obtain

EFFECTIVE STRUCTURE FACTORS IN MANY-BEAM X-RAY DIFFRACTION

3P — g|F3
eyl =alFyfl

:a(

| Fao! Pa-Po

Tl Fogl 1 Fopl Po-Dg Pg- Py
27KV [s, + 5K xo(1 — 7,/ 9]

2
X €OS (@ho + @gg + ("gh)]

N rol Fogl | Fopl Po-PePe-Pr |*
27KV Is, + 1Kx,(1 — 7,/7))

1/2
X [1 - 0052 ((/’ho + Dog + (ogh)]) ’ (19)
where a =r,/[nKV (y,7,)"*] and @, is the phase of F,.

In addition to the constant term this general
expression has terms which are either symmetric or
antisymmetric in s,. For structurally forbidden re-
flections |F,l = O and &3” falls off as Is,/™", thus
explaining the double-scattering effect.

For |F,,l # O the gap depends on the phase sum.
When this quantity is 7/2, e}” is again symmetric in s,.
A phase sum of 0 or x results in an asymmetric gap
which is seen to be larger than the two-beam gap when
the cosine term and s, have the same sign and smaller
otherwise. This effect corresponds to the rule sug-
gested by Chang (1982).

The angular extent of the three-beam effect is from
(19) seen to depend on the size of the structure factors -
involved through the product |Fy,l |F,,1/1Fyl. The
effect is thus most easily observed in a weak beam
which is strongly coupled to a strong beam in
agreement with previous conclusions (Gjegnnes &
Hgier, 1969).

For a centrosymmetric crystal we obtain, from (19)
for | Fyyl # 0,

cos (Ppo + Pog + Pen)

[sg + $Kxo(1 — ¢/ 70)]

Tel Fogl | F ol Po- Py Pg-Pa

21KV, Fool Py-bo |

The phase dependence of (20) corresponds to the one

found previously in the electron diffraction case by, for
example, Kambe (1957).

The dependence on the experimental parameters
may also be seen from the values of the deviation
parameters s, and s, for which the dispersion-surface
gap width is zero. From (20) we get
g = —3Kxo(1 — 7,/70)

_ Tecos (Ono + Pog + Pen) 1 Fogl | Fopl Po-Pg Pg-Pa
20KV | F ol pyeby

IF32) = | Fyol pp-po |1 +

(20)

21
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with the accompanying deviation parameter for the
primary beam:

sp=—3Kxo(1 — 74/7,)

_ Tl Frol [1Fyg1? (py-pg)* — | F ol (g Do)’ ¥4/ 7]
27KV, oS (@ho + Pog + Ppp) | Fogl | Fpl

X Pp- Po/ Pg-Po Py Py- (22)

It should be noted that although (21) and (22)
illustrates correctly a general diffraction effect
(Gjennes & Haier, 1971), the expression for s, may be
invalid for special structure-factor combinations. This
happens, for example, in three-beam cases with mirror
symmetry as the one discussed below. Here the correct
value of s, is zero and the assumption on which (21) is
based is consequently invalid.

The dependence of &}? and thus also IF}?| on the
various parameters is of course reflected in any type of
three-beam diffraction experiment. The possible ob-
servation of the effects is, however, strongly ex-
periment dependent. One very favourable case is the
Kikuchi-line pattern observed in electron diffraction
where three-beam effects have already been discussed
by Shinohara (1932). In these patterns the observed
line width is known to be a direct mapping of the
dispersion-surface gap width ¢%?. The extensive in-
tensity anomalies observed near crossing points be-
tween two or several lines in these patterns (Gjonnes &
Hgier, 1969) correspond therefore to the gap vari-
ations derived from (19). The observed contrast
anomalies close to s, = 0 demonstrate clearly, however,
the limitations of the present approximations for such
diffraction conditions.

In the particular X-ray case discussed by Heier &
Aanestad (1981), i.e. the 000, h = 220, g = 022
three-beam case in Si with y, = y, = y,, the gap is found
for s, = 0. The relative gap width may thus in the
present approximation be written (s, # 0)

|F,3l(,)p| . + rethOlPO‘pgpg‘ph
[Fhol Pa-Po 27KV, S Po- Pr

Comparison of the dependence of this expression on s,
with the corresponding dependence found in the full
three-beam calculations shows that the long-range
influence of the secondary beam, g, is remarkably well
reproduced, and even at relatively small deviation
parameters the correspondence is good.

(23)

A four-beam case

The 000, & = 220, g = 311, f = 111 case in Si using
Mo Ko radiation will be taken as an example. The
direction cosines are equal and absorption is neglected.
Further, s, = 0 and s, = s, = s. The polarization
directions for the 0 and 4 beams are chosen equal to the
ones in the standard 0, 4 two-beam case. 6, and o, are
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parallel and orthogonal to h. From (16) the following
effective structure factor is found for the primary beam
h=220:

Te

27KV

cs
+ FpeFpy PPy Py Po)- (24)

The dispersion surface resulting from a full four-
beam calculation is shown in Fig. 2, while the result
from the present approximate treatment is shown in
Fig. 3. The unit of & is 107 A-! in both figures
corresponding to an angular deviation parameter of
0-15"”. The figures show the variation with & of the
quantity I, = y,I' [see (8)] corrected for a distance
corresponding to PP’ in Fig. 1.

Calculated excitation coefficients show that the
important branches in Fig. 2 are the pairs 1 and 4 or 2
and 3 for € < 0 and the pairs 5 and 8 or 6 and 7 for
¢ > 0 (Marthinsen, Aanestad & Hgier, 1983). These

Fif = Fyo Py-Po + (Fpg Foo Py Pg Pg-Po

[ I
o
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Fig. 2. Calculated four-beam dispersion surface as a function of ¢&
in units of 10-5 A1,
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Fig. 3. Calculated perturbed two-beam dispersion surface as a
function of ¢in units of 10~ A~!, Present approximations.
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correspond to the two-beam branches. The narrow
gaps found at the dispersion surface near ¢ = 0 are due
to the o,.m, type terms and will be discussed else-
where.

As the branch distance is proportional to the
effective structure factor, Fig. 2 clearly demonstrates
the dependence of | Fj?| on the sign of & (or s). With
the particular structure-factor combination chosen the
gap is larger or smaller than the two-beam value when ¢
is positive or negative, respectively. The same de-
pendence on the sign of & is found in Fig. 3 as well. A
comparison between Figs. 2 and 3 shows that the gap
widths correspond to within 0-5% when £l 2 50 and
approximately to within 6% when | £I 2 20. The Bethe
gap is larger or smaller than the one found in Fig. 2
when &is positive or negative, respectively.

Comparison of the variation in Fig. 3 with the
two-beam gap shows that the difference is larger than
34 or 1% when |€| is smaller than approximately 20 or
600, respectively. The four-beam effect may thus be
significant even at relatively large deviation param-
eters. As the angular extent of this effect depends on the
experimental parameters, it should be noted that the
structure-factor combination used in the examples is
not favourable for the demonstration of this particular
effect.

Applications

The present approximation may profitably be utilized in
integrated-intensity-type experiments as demonstrated
in the following two examples where absorption is
neglected.

Pendellosung fringes

If 5, is taken as constant, the observed integral power
in the many-beam case may be written
271/ A3-»

Of Jo(x) dx,

T¥n
2K sin 26 A3?

where we in the standard two-beam expression have
introduced the effective extinction distance:

ARP = 1/e3". (26)

In addition to being proportional to the thickness, Rj”
is, for t < A}'?, i.e. the kinematic many-beam case, seen
to be proportional to (¢+7)? and may be written

R o | Flgp 12, @7

The dependence on the phase and size of the structure
factors involved as well as the deviation parameters
may thus in principle be extracted from the observed
intensity variations. With three beams these variations
correspond to the ones found above in the discussion of
(17) to (23).

Ry = @9)
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At large thicknesses, on the other hand, the essential
variation of R%? is determined by a cosine factor with
argument

2t n
= +—. (28)
ApP 4

n.p
e

This expression shows the well-known displacement
n/4 of the fringe position as compared with plane-wave
theory. The important point in this connection, how-
ever, is the appearance of the effective extinction
distance, (26), which varies inversely with the gap
width. It follows that near positions on the photographic
plate which correspond to many-beam diffraction con-
ditions, the fringe position or intensity is in general
modified as compared with the two-beam values.

With three beams the dependence of a}” on the
experimental parameters follows the one found above
in (17) to (23). If we take a centrosymmetric crystal as
an example the fringe displacement is therefore asym-
metric with respect to a sign shift in s,. When this sign
is fixed, however, the fringe bending from the two-beam
position is towards larger or smaller crystal thickness
depending on the three-phase structure invariant. In
conclusion, the three-beam effect is observable at any
crystal thickness, and (25) explains the variation
observed in the fringe position and intensity by Hart &
Lang (1961) and Hgier & Aanestad (1981).

Scattering from mosaic crystals

In structure analysis the intensity expression used
includes a convolution between the perfect-block
scattering function and the block-orientation distri-
bution function. Following standard procedure and
taking the former to have a much more rapid variation
with the scattering angle than the latter, we find that the
essential variation in the integrated power is given by
the two-beam intensity expression (e.g. Zachariasen,
1945). This treatment may also be applied with many
beams if we replace the standard structure factor by the
effective one using (16). As above, the integrated power
in the kinematic thickness region is proportional to the
dispersion-surface gap width squared. We thus obtain,
in the n-beam case

PP oC |FPI2 (29)
With three beams this n-beam expression simplifies
considerably as shown above. From (29) it is found
that P}” has a similar variation with the experimental
parameters as the one found for &} in connection
with the discussion of (17) to (23). P37 is, for example,
larger than the two-beam value when the cosine factor
and s, in (27) [see (19)] have the same sign and smaller
otherwise. The influence of the third beam is further
dependent on the size of the structure factors involved.
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Such effects have been observed by Thorkildsen & Mo
(1982).

Conclusions

Available numerical three- and four-beam calculations
show that a variety of the effects observed can be
understood from a perturbed two-beam point of view.
This is also the original basis of the Bethe ap-
proximation, which in the present studies has been
shown to be applicable in the X-ray case provided one
additional assumption is added, i.e. to neglect the
o, ntype coupling terms between the strong beams
and the weak secondary beams. These terms are,
however, only of importance at relatively small
deviation parameters of the secondary beams where the
weak-beam assumption is already invalid. The re-
sulting interaction matrix includes absorption, but is in
the present work applied to derive analytical solutions
relevant to essentially absorption-independent many-
beam effects. The utilization of absorption-dependent
effects in structure studies has been discussed by, for
example, Post (1979).

The effective structure factor introduced for each
polarization direction may generally be applied for the
interpretation and prediction of many-beam effects. As
defined Ff is valid for s, # O for centrosymmetric as
well as non-centrosymmetric absorbing crystals, and in
the special case of three beams the results of Juretschke
(1982) are included.

The accuracy of the effective structure factor can be
seen from the calculated dispersion-surface gap. The
deviation of the gap width from the one found in a full
many-beam calculation is less than 0-5% for deviation
parameters corresponding to 146, > 7" in the
examples studied and may thus in practice be neglected.

For each polarization direction the observed in-
tensity depends on the product F};? F&P and the two
examples given show that all the basic parameters are
included in this quantity. Of special interest experi-
mentally is the three-beam case where the three-phase
structure invariant appears explicitly leading to a
product which is larger than, smaller than or equal to
the two-beam value depending on the phase sum. It
should also be noticed that F3” F3;? may be zero for a
particular s,, s, combination. Although the appearance
of this effect is generally correct in the three-beam case,
(21) is invalid for cases where s, ~ 0 and the Bethe
approach fails. Here more dispersion-surface branches
have to be taken into account as may be seen from the
corresponding effects observed near Kikuchi-line inter-
sections (Gjennes & Hagier, 1969). Preliminary studies
have shown that some particular reducible many-beam
cases may give additional information for these
incident-beam directions.
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In one way or another the effective structure factor,
or the dispersion-surface gap, is projected out in any
type of experiment, e.g. section topographs, plane-wave
cases, mosaic-crystal or Pendelldsung experiments. In
the latter case the fringe displacement near the
three-beam condition follows from (25) provided s, can
be considered constant. This assumption is, however,
only partly valid, primarily due to the finite anode
height. The consequence of the accompanying vertical
divergence in standard experimental setups is that each
point on the crystal will diffract according to a range of
incident-beam directions. The local observed intensity
therefore follows from an integration over the corre-
sponding range in s, thus smearing out the effect.

In structure analysis and from a methodic point of
view the possible experimental determination in three-
beam cases of a large number of three-phase structure
invariants from very small crystallites or from mosaic
crystals is of great importance. In the former case,
where electron diffraction methods have to be used,
systematic work in this particular direction is still
lacking (e.g. Gjennes, 1981). With mosaic crystals and
standard X-ray diffraction methods two experimental
parameters seem to influence the experimental pos-
sibilities, i.e. the spread in s, due to the vertical
divergence and the width of the mosaic distribution
function. An integration over the actual width ds, is
expected to smear out the effect in this case as well. The
effects may be observed, however, as shown by
Thorkildsen & Mo (1982).

In addition to the phase dependence the intensity
observed in any type of three-beam experiment is from
(19) seen to depend on the size of the structure factors
involved. The structurally forbidden reflections are here
explained through the double-scattering terms, and
otherwise the relative variation in the primary beam
with s, is seen to depend on |Fy,l | Fy,l [ Fyol =" Tt is
thus found that the phase invariant is most easily
determined experimentally in a primary beam which is
strongly coupled to a secondary beam with much larger
structure factor, in accordance with previous electron
diffraction results (Gjonnes & Haier, 1969).
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A Note on Practical Aspects of the Application of DIRDIF, a Procedure for Structure
Elucidation When a Part of the Structure is Known

BY V. PARTHASARATHL* PauL T. BEURSKENST AND H. J. BRUINS SLOT

Crystallography Laboratory, University of Nijmegen, Toernooiveld, 6525 ED Nijmegen, The Netherlands
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Abstract

The DIRDIF procedure (direct methods applied to
difference structures) has been tested on a variety of
structures. It is shown that errors in the atomic
positions of approximately 0-3 A are acceptable, that
the minimum size of the known molecular fragment is
about 10% of the total scattering power, and that lack
of knowledge about the unit-cell contents is not
deleterious

Introduction

When part of a structure is known, the DIRDIF
method (Beurskens et al., 1982) can be effectively used
to solve the unknown part of the structure. Although
the various DIRDIF procedures include unique
features designed for solving enantiomorph and super-
symmetry problems (see Prick, Beurskens & Gould,
1983, and references therein), the general DIRDIF
method has proved to be a very efficient tool for routine
crystal-structure analyses, particularly if the known
part is only barely sufficient to solve the structure. The
automatic computer program uses observed structure
amplitudes and positions of the known atoms as input
to a structure-factor calculation and scaling routine.
This is followed by a weighted tangent refinement of the
difference structure factors, to yield a greatly improved
electron density map.

* Permanent address: Department of Physics, Bharathidasan
University, Tiruchirapalli-620 023, India.
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To explore the effects of errors or lack of infor-
mation, we pose the following questions:

01. How small may the known part be so that
DIRDIF is still helpful?

Q2. How much error can be tolerated in the
positional coordinates of the known atoms?

Q3. What are the effects of ‘incorrect atoms’ in an
otherwise correct molecular fragment?

Q4. What is the effect of unknown chemical
composition?
We investigated these aspects using a few known
crystal structures as test cases. The results are
summarized in this note.

Calculations

All calculations were performed by the program
DIRDIF using default executional parameters. A
scaling procedure (Gould, Van den Hark & Beurskens,
1975) leads to the determination of the scale factor,
SC, B, the (overall) isotropic temperature parameter of
the known part (heavy atom or ‘partial structure’), and
B, the (overall) isotropic temperature parameter of the
unknown part of the structure (‘rest structure’).

The contribution of the known part to the total
scattering power is defined by the a priori scattering
fraction:

pz=2%23/ ¥ Z},
P !

where Z is the atomic number, > , denotes summation
over the known atoms, and Z, denotes summation over
all atoms in the unit cell.
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